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From Diofantian Equations to Matricial Equations (I) - Equations and Pythagorean 

Matrices  

 
Teodor Dumitru Vălcan 

  
Abstract 
 

We propose, starting with this work, presenting a way to achieve a systemic vision of a certain mathematical notional 
content, vision to motivate and mobilize the work of those who teach in class, thus facilitating teaching and 

assimilation of notions, concepts, scientific theories approached by educational disciplines that present phenomena 

and processes in nature. We present here a systemic approach to solving a Diophantine equation, namely a 
Pythagorean equation in the set of natural numbers, then in Z, to then "submerged" such an equation in a ring of 

matrices and try to find as many matrices solutions as possible. Thus, first we will present a didactic solution to the 
Pythagorean equation, after which we will determine all the matrix solutions of such an equation in the M ring. These 

matrices will be called pitagorean matrices. We will limit ourselves only to the second-order matrices, because for 

larger matrices the calculations are more and more complicated. But we will also present matrix solutions of at least 3. 
 

Keywords: equation, system, solution, matrix, ring. 
 

1. Introduction 
 

Mathematics, abstract and open science, is the same throughout the world. It does not support interpretations other than 

within it, and they are related to the systemic structures that are being adopted to decide the curriculum (here in the 

meaning of the Mathematics curriculum, but also in terms of the objectives of mathematical education, the chosen 

methodology and the evaluation criteria). 
 

Therefore, the design of the training activity includes, in the analysis of educational and instructive resources, the 

systemic processing of the notional content, a didactic operation that reveals the teacher's ability to understand and 
structure the scientific information in order to make it more accessible to the pupils. 
 

We have to start, however, from the premise that the current conditions of the educational process, no matter where it's 

going, is characterized by the following three fundamental features: 
 

a) The "informational assault" of the new scientific discoveries in the field of school subjects having as object of study 

the nature and reconsider some points of view of established theories, outdated the emergence of new ideas, 

concepts or simple notions, theories with an integrating character and including the first ones. All these require 

permanent restructurings and re-evaluations of the contents of the respective school disciplines, to adapt to the 

"new" by reformatting the programs and textbooks. 

b) Achieving "content accessibility" taught to the educational disciplines. This is done taking into account the theories 

of learning, elaborated by psycho-pedagogical research. In this case it's recording progress and developments and by 

the intake of new disciplines, such as Cognitive Psychology. 

c) The contribution of teachers. Those who work in education, directing the development of the didactic process, to be 

able to cope with the rapid developments outlined above, are being readied at different rhythms, using various 

sources of information, sometimes contradictory or outdated, remaining tributaries, many times, outdated 

mentalities about the nature, quantity and quality of scientific information offered in teacher-student communication, 

on the distribution of the roles and responsibilities of those who participate in this communication, as well as the 

aims pursued through education and education in general. 
 

Here's why, we propose, starting with this paper, presenting a way to achieve a systemic vision of a certain 

mathematical notional content, vision to motivate and mobilize the work of those who teach in class, thus facilitating 

teaching and assimilation of notions, concepts, scientific theories approached by educational disciplines that present 

phenomena and processes in nature.We begin with a systemic approach to solving a Diophantine equation, more 

precisely of a Pythagorean equation in the set of natural numbers, then in Z, to then "submerged" such an equation in a 

ring of matrices and try to find as many matrices solutions as possible. 
 

2. Solving a Pythagorean Equation 
 

In this paragraph we consider the Pythagorean equation: 

x
2
+y

2
=z

2
,             (A) 



ISSN 2375-0782 (Print) 2375-0790 (Online)              © Center for Promoting Ideas, USA            www.jespnet.com 

 

61 

which we will try to solve in a didactic style, so that this can be done with the students in the classroom.Studied in 

detail by Pitagora in relation to the rectangular triangles whose sides have the lengths of natural numbers, this equation 

has been known since the time of the old Babylonians. 
 

For starters, three remarks are necessary here: 
 

Remark 2.1: If the triplet (x0,y0,z0)NNN satisfies equation (A), then any triplet of form (kx0,ky0,kz0), with kZ, is 

a solution of this in ZZZ. Therefore, to solve equation (A), it is sufficient to determine solutions (x,y,z)NNN with 
the property that:  

(x,y,z)=1.                                   (2.1)  
 

This is in fact equivalent to determining the solutions (x,y,z) for which the numbers x, y and z are two by two prime 

ones. 
 

Here's why the following definition is required: 

Definition 2.2: A solution (x0,y0,z0)N
N

N

 of equation (A) such that the numbers x0, y0 and z0 are two by two 

primes between them is called the primitive solution. 

Remark 2.3: The triplets (0,x,x) and (x,0,x) with x natural number are solutions of equation (A).  

Therefore, further, we will only consider solutions with non-zero components. 

Remark 2.4: Equation (A) is symmetric in x and y; so if (x,y,z)N
N

N

 is the solution of it, then (y,x,z)N

N
N


 

is also the solution of the equation (A).  

We present below the form of a primitive solution of equation (A): 

Theorem 2.5: Any primitive solution (x0,y0,z0) in nonzero natural numbers of equation (A) is the form: 

x=a
2
-b

2
,   y=2ab   and   z=a

2
+b

2
,                                   () 

With a and b natural numbers, relatively prime and ab. 
 

Proof: Therefore, according to Remark 2.1, the numbers x, y and z can not all be even. We distinguish the following 

cases: 

Case 1: Numbers x and y are odd, in which case z is even. So, 

 x=2m+1,  y=2n+1   and  z=2p,(2.2) 

with m, n, pN

. Then, equality (A) becomes: 

 4m(m+1)+4n(n+1)+2=4p
2
,                                                                                                 (2.3) 

what is impossible modulo 4 (the right member is only a multiple of 2 and the left member is a multiple of 4).  

Case 2: Numbers x and z are odd, in which case y is even. Therefore, in this case, numbers z-x and z+x are even. So: 

 z+x=2m,  y=2n   and  z-x=2p,                                    (2.4) 

with m, n, pN

. Since z and x are prime numbers between them, it follows that the numbers m and p are (also) prime 

between them, that is: 

(m,p)=1.                                                                                       (2.5) 

On the other hand, from equality (A), it follows that: 

 n
2
=mp.                                                                                                                                   (2.6) 

Now, from equalities (2.5) and (2.6), it follows that there are numbers a, bN

, relatively prime, so that: 

 m=a
2
,   p=b

2
   and  n=ab                                 (2.7) 

Finally, from equalities (2.4) and from equality (A) , it follows equalities ().  

Otherwise: We write equation (A) thus: 

(z-y)(z+y)=x
2
                                                                                                  (A) 

and how y and z are relatively prime numbers, it follows that: 

 (z-y,z+y)=1.                                                                                                                           (2.8) 
 

From equalities (A') and (2.8) and from the uniqueness of decomposition in primitive factors of the number x
2
, it 

follows that there are odd numbers , N, such that: 

 z+y=
2
,   z-y=

2
   and  x=.                                 (2.9) 

From equalities (2.9) it follows that: 

 x=,   y=
2

22 
,   and   z=

2

22 
,            (2.10) 

which is a primitive solution of equation (A). If we note: 

 +=2a    and    -=2b,                   (2.11) 

then, from equalities (2.10), we obtain equalities ().   

Conversely, identity: 
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(a
2
-b

2
)

2
+(2ab)

2
=(a

2
-b

2
)
2
    (2.12) 

shows that the triplet in the statement is (indeed) the solution of the equation (A). 

In addition, if:  

(x,y,z)=d2, 

then d divides the numbers z + x and z-x; i.e. d divides 2a
2
 and d divides 2b

2
. Because a and b are prime numbers 

between them, it follows that: 

d=2.  

So a
2
+b

2
is an even number, what cannot be because a and b have different parities (if a and b are both odd, then 

equation (A) leads to a modulo impossibility 4). Therefore,  

d=1,  

so the solution in the statement of the theorem is primitive.  
 

Definition 2.6: A triplet (x,y,z)N
N

N

 of form () is called Pythagorean triplet (or pitagoric). 

The following remark are required here: 

Remark 2.7: The primitive solutions of equation (A) can also be obtained from the uniqueness of the decomposition in 
primitive factors in the Gauss's integers ring Z[i]: 

 x+iy=(a+ib)
2
,  

whence we obtain that: 

 x=a
2
-b

2
     and    y=2ab, 

equalities which, are replaced in equality (A), leads us to the solution ().  
 

Of course, such an approach to solving equation (A) it is not for the vast majority of secondary school or high school 

students, but only for those high school students who know the relationship of divisibility in the ring Zi. 
 

To list all primitive solutions of equation (A) we will consider for the number „a” the values of 2,3,4, ... and then we 

will take those „b” that are smaller than a, relative primes with a and different parities. For example: 

(a,b)(2,1),(3,2),(4,1),(4,3),(5,2),(5,4),(6,1,),(6,5),(7,2),(7,4),(7,6),(8,1),(8,3),(8,5),(8,7),…, 

and with these values, according to equalities (), we obtain that the primitive solutions of equation (A) are: 

 (x,y,z)(3,4,5),(5,12,13),(15,8,17),(7,24,25),(21,20,29),(9,40,41),(35,12,37),(11,60,61),(45,28,53),(33,56,65), 

(13,84,85),(63,16,65),(55,48,73),(39,80,89),(15,112,113),…. 

Of course, according to Remark 2.4, primitive solutions are also triplets: 

 (x,y,z)(4,3,5),(12,5,13),(8,15,17),(24,7,25),(20,21,29),(40,9,41),(12,35,37),(60,11,61),(28,45,53),(56,33,65), 

(84,13,85),(16,63,65),(48,55,73),(80,39,89),(112,15,113),…. 
 

In addition, at any solution (x,y,z)N

N


N


, we can associate another seven solutions from ZZZ, so determining 

a solution (x,y,z)N

N


N


 means, in fact, the determination of eight solutions (x,y,z)ZZZ, which can be 

expressed as follows: 
 

Corollary 2.8:All solutions of equation (A) are given by equalities: 

x=k(a2
-b

2
),  y=2kab  and   z=k(a2

+b
2
),                               () 

where k, a, bZ.  

At the end of this paragraph we present the following immediate results: 

Corollary 2.9:If x, y, zZ, is the solution of equation (A), then: 

a=x+2y-2z,  b=2x+y-2z,  and  c=2x+2y-3z,                        () 

is also the solution of the same equations. 
Proof: A simple calculation shows us that: 

 a
2
=x

2
+4y

2
+4z

2
+4xy-8yz-4xz,  b

2
=4x

2
+y

2
+4z

2
+4xy-4yz-8xz  

and      c
2
=4x

2
+4y

2
+9z

2
+8xy-12yz-12xz.(2.13) 

Then, according to the hypothesis, from equalities (2.13), we obtain that: 

 a
2
+b

2
=5x

2
+5y

2
+8z

2
+8xy-12yz-12xz 

          =4x
2
+4y

2
+9z

2
+8xy-12yz-12xz+(x

2
+y

2
-z

2
)    

          =c
2
.  

Remark 2.10: If (x0,y0,z0) is a primitive solution in nonzero natural numbers of equation (A), then: 

 3  (ab),   4  (ab)   and   5  (abc).        (2.14) 
Proof: Suppose that 3 does not divides either a and b. Then: 

 a=M31    and    b=M31,                  (2.15) 

and, according to the hypothesis,  
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 c
2
=M3+2, 

which is impossible, because any perfect square, which is not a multiple of 3, can only be M3+1. Further, according to 

the hypothesis, from the proof of Theorem 2.5, it follows that one of the numbers a or b is even. Suppose b is even, and 

a and c are odd, so: 

 a=2m+1,   b=2n   and  c=2p+1,          (2.16) 

where m. n, pN

. Then the equality: 

 a
2
+b

2
=c

2
,                                                                                                                                  (A) 

implies: 

 m
2
+m+n

2
=p

2
+p,                                                                                                                  (2.17) 

 

which shows that n is even, in which case 4 divides b. Finally, suppose that 5 does not divide any of a, b or c numbers. 

Then each of them is of the form M51 or M52, in which case their squares are only M51 form. Now equality (A) 

leads us to a contradiction. Therefore, 5 divides at least one of the numbers a, b or c.  
 

3. Determination of the 2nd order Pythagorean matrices 
 

Of course, equation (A) admits solutions () in any ring (R,+,), with a, bR, when elements a and b commutes 

between them, i.e.: 

ab=ba.                                                                                                               (3.1) 

Moreover, it is known that the (commutative) field of complex numbers (C,+,) is isomorphic to the field (K,+,), 

where: 

K=






















Rb,a

ab

ba
, 

and „+”, respectively „” are the addition or the usual multiplication of matrices. Therefore, any complex number (real, 

rational, integer or natural) can be represented as a matrix. For example, any number of real / rational / whole / natural 

may be written in the form: 

 








a0

0a
=aI2, 

where I2M2(C) is the identity matrix of the 2nd order, that is: 

 I2= 








10

01
.  

 

In view of these issues, in this paragraph we will try to find solutions of equation (A) in the ring (M2(Z),+,), replacing 

elements a and b with matrices A, BM2(N). Therefore, we consider the equation (A) the set M2(Z), equation that we 

write so: 

X
2
+Y

2
=Z

2
,                                                                                     (A) 

where X, Y and Z are matrices of M2(Z) and let be matrices A, BM2(N), where: 

A= 








dc

ba
    and   B= 









tz

yx
,               (3.2) 

with a, b, c, d, x, y, z, tN.  

 It is easily verified the next result: 
 

Theorem 3.1: If the matrices A and B commutes between them, that is: 

 AB=BA,                                                                                                                                  (3.1) 

then matrices:    

 X=A
2
-B

2
,  Y=2AB  and  Z=A

2
+B

2
,                                  (3.3) 

are solutions of the equation (A).  

Of course if: 

 A=B=02, 

then, according to equalities (3,3), the matrices: 

 X=Y=Z=02 

verify equation (A). Also, if: 

 A=02,  
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Then B can be any matrix of M2(N) and, thus, X, Y, Z - determined by the equalities (3.3), verify the equation (A). 

The same and if:   

B=02,  

Then A can be any matrix of M2(N) and, again, X, Y and Z - determined by the same equalities (3.3), verify the 

equation (A). Therefore, we will further consider that the A and B matrices are not null. 
 

Then, from equalities (3.2), it follows that: 

 A
2
=



















cbd)da(c

)da(bcba
2

2

  and   B
2
= 


















zyt)tx(z

)tx(yzyx
2

2

, (3.4) 

AB= 












tdyczdxc

tbyazbxa
  and   BA= 













tdzbtcza

ydxbycxa
.(3.5) 

From the commutativity condition (3.1) and the equalities (3.5) follow the system: 





















tdzbtdyc

tczazdxc

ydxbtbya

ycxazbxa

.                                                                                                         (3.6) 

From the first or last equation of the system (3.6) it follows that: 

bz=cy.                                                                                                                                     (3.7) 
 

Solving our problem is reduced to solving the system (3.6), which implies solving the equation (3.7). Here, however, 

we will distinguish ten cases. 

Case 1: b=c=y=z=0. In this case we have: 

A= 








d0

0a
    and   B= 









t0

0x
,                               (3.8) 

with a, d, x, tN and: 

 A
2
=















2

2

d0

0a
    and   B

2
=















2

2

t0

0x
,            (3.9) 

AB= 












td0

0xa
=BA.                                                                                                         (3.10) 

Then, according to the equalities (3.3): 

 X=

















22

22

td0

0xa
,  Y= 













td20

0xa2
,  Z=


















22

22

td0

0xa
,           (3.11) 

X
2
=


















222

222

)td(0

0)xa(
, Y

2
=


















22

22

td40

0xa4
, Z

2
=


















222

222

)td(0

0)xa(
,(3.12) 

And the equality (A) is immediately verified.   
 

Example 3.1.1: Let be the matrices: 

 A= 








30

04
    and   B= 









20

01
.  

Then:  

 A
2
= 









90

016
,   B

2
= 









40

01
  and  AB= 









60

04
=BA.  

Now, according to the equalities (3.3), we have: 

 X= 








50

015
,   Y= 









120

08
,   Z= 









130

017
, 

X
2
= 









250

0225
,   Y

2
= 









1440

064
,   Z

2
= 









1690

0289
, 
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And the equality (A) is immediately verified.   
 

Example 3.1.2: Let be the matrices: 

 A= 








90

05
    and   B= 









40

03
. 

Then:  

 A
2
= 









810

025
  B

2
= 









160

09
  and  AB= 









360

015
=BA. 

Now, according to the equalities (3.3), we have: 

 X= 








650

016
,   Y= 









720

030
,   Z= 









970

034
, 

X
2
= 









42250

0256
,  Y

2
= 









51840

0900
,  Z

2
= 









94090

01156
,  

And the equality (A) is immediately verified.   
 

Case 2: b=c=y=0, z0. In this case, from the third equation of the system (3.6), it follows that: 

 dz=az,      i.e.    d=a. 

Then: 

A= 








a0

0a
    and   B= 









tz

0x
,                            (3.13) 

With a, x, z, tN and: 

 A
2
=















2

2

a0

0a
    and   B

2
=















 2

2

t)tx(z

0x
,       (3.14) 

AB= 












taza

0xa
=BA.                                                                                                      (3.15) 

Now, according to the equalities (3.3), we have: 

 X=

















22

22

ta)tx(z

0xa
,   Y= 













ta2za2

0xa2
,  Z=


















22

22

ta)tx(z

0xa
,         (3.16) 

X
2
=


















222222

222

)ta()txa2()tx(z

0)xa(
,    Y

2
=


















222

22

ta4)tx(za4

0xa4
, 

 Z
2
=



















)ta()txa2()tx(z

0)xa(
22222

22

,                                                                         (3.17) 

And the equality (A) is immediately verified.   
 

Example 3.2.1: Let be the matrices: 

 A= 








40

04
    and   B= 









23

01
.  

Then:  

 A
2
= 









160

016
,   B

2
= 









49

01
  and  AB= 









812

04
=BA. 

Now, according to the equalities (3.3), we have: 

 X= 








 129

015
,   Y= 









1624

08
,   Z= 









209

017
,   

X
2
= 









 144243

0225
,   Y

2
= 









256576

064
,  Z

2
= 









400333

0289
, 

And the equality (A) is immediately verified.   
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Example 3.2.2: Let be the matrices: 

 A= 








50

05
    and   B= 









47

03
.  

Then:  

 A
2
= 









250

025
,   B

2
= 









1649

09
  and  AB= 









2035

015
=BA. 

Now, according to the equalities (3.3), we have: 

 X= 








 949

016
,   Y= 









4070

030
,   Z= 









4149

034
, 

X
2
= 









 811225

0256
,  Y

2
= 









16004900

0900
,  Z

2
= 









16813675

01156
,   

And the equality (A) is immediately verified.   
 

Case 3: b=c=z=0, y0. In this case, from the second equation of the system (4), it follows that: 

 ay=dy,     i.e.   d=a. 

Then: 

A= 








a0

0a
    and   B= 









t0

yx
,                             (3.18) 

With a, x, y, tN and: 

 A
2
=















2

2

a0

0a
=a

2
I2   and   B

2
=













 
2

2

t0

)tx(yx
,        (3.19) 

AB= 












ta0

yaxa
=BA.                                                                                                     (3.20) 

Now, according to the equalities (3.3), we have: 

 X=

















22

22

ta)tx(z

0xa
,     Y= 













ta20

ya2xa2
,  Z=


















22

22

ta0

)tx(yxa
,  (3.21) 

X
2
=


















222

222222

)ta(0

)txa2()tx(z)xa(
,    Y

2
=


















22

222

ta40

)tx(ya4xa4
, 

 Z
2
=



















)td(0

)txa2()tx(y)xa(
22

22222

,                                                                        (3.22) 

And the equality (A) is immediately verified.   
 

Example 3.3.1: Let be the matrices: 

 A= 








40

04
    and   B= 









20

31
.  

Then:  

 A
2
= 









160

016
,   B

2
= 









40

91
  and   AB= 









80

124
=BA.    

Now, according to the equalities (3.3), we have: 

 X= 






 

120

915
,   Y= 









160

248
,   Z= 









200

917
, 

X
2
= 







 

1440

243225
,  Y

2
= 









2560

57664
,   Z

2
= 









4000

333289
, 

And the equality (A) is immediately verified.   
 

Example 3.3.2: Let be the matrices: 
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 A= 








50

05
    and   B= 









40

73
.  

Then:  

 A
2
= 









250

025
,   B

2
= 









160

499
  and  AB= 









200

3515
=BA.  

Now, according to the equalities (3.3), we have: 

 X= 






 

90

4916
,   Y= 









400

7030
,   Z= 









410

4934
, 

X
2
= 







 

810

1225256
,  Y

2
= 









16000

4900900
,  Z

2
= 









16810

36751156
, 

And the equality (A) is immediately verified.   
 

Case 4: b=y=z=0, c0. In this case, from the third equation of the system (3.6), it follows that: 

 cx=ct,      i.e.   x=t. 

Then: 

A= 








dc

0a
    and   B= 









x0

0x
,                             (3.23) 

With a, c, d, xN and: 

 A
2
=















 2

2

d)da(c

0a
   and   B

2
=















2

2

x0

0x
,       (3.24) 

AB= 












xdxc

0xa
=BA.                                                                                                     (3.25) 

Now, according to the equalities (3.3), we have: 

 X=

















22

22

xd)da(c

0xa
,      Y= 













xd2xc2

0xa2
,  Z=


















22

22

xd)da(c

0xa
,    (3.26) 

X
2
=


















222222

222

)xd()x2da()da(c

0)xa(
,   Y

2
=


















222

22

xd4)da(xc4

0xa4
, 

 Z
2
=


















222222

222

)xd()x2da()da(c

0)xa(
,                                                                    (3.27) 

And the equality (A) is immediately verified.   
 

Example 3.4.1: Let be the matrices: 

 A= 








53

04
    and   B= 









20

02
.  

Then:  

 A
2
= 









2527

016
,   B

2
= 









40

04
  and  AB= 









106

08
=BA.    

Now, according to the equalities (3.3), we have: 

 X= 








2127

012
,    Y= 









2012

016
,   Z= 









2927

020
, 

X
2
= 









441891

0144
,  Y

2
= 









400432

0256
,  Z

2
= 









8411323

0400
, 

And the equality (A) is immediately verified.   
 

Example 3.4.2: Let be the matrices: 
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 A= 








75

06
    and   B= 









30

03
.  

Then:  

 A
2
= 









4965

036
,   B

2
= 









90

09
  and  AB= 









2115

018
=BA.  

Now, according to the equalities (3.3), we have: 

 X= 








4065

027
,   Y= 









4230

036
,   Z= 









5865

045
, 

X
2
= 









16004355

0729
,  Y

2
= 









17642340

01296
,  Z

2
= 









33646695

02025
, 

And the equality (A) is immediately verified.   
 

Case 5: c=y=z=0, b0. In this case, from the second equation of the system (3.6), it follows that: 

 bt=bx,      i.e.   x=t. 

Then: 

A= 








d0

ba
    and   B= 









x0

0x
,                             (3.28) 

With a, b, d, xN and: 

 A
2
=













 
2

2

d0

)da(ba
   and   B

2
=















2

2

x0

0x
,          (3.29) 

AB= 












xd0

xbxa
=BA.                                                                                                     (3.30) 

Now, according to the equalities (3.3), we have: 

 X=

















22

22

xd0

)da(bxa
, Y= 













xd20

xb2xa2
,  Z=


















22

22

xd0

)da(bxa
,       (3.31) 

X
2
=


















222

222222

)xd(0

)x2da()da(b)xa(
,   Y

2
=


















22

222

xd40

)da(xb4xa4
, 

 Z
2
=


















222

222222

)xd(0

)x2da()da(b)xa(
,                                                                    (3.32) 

And the equality (A) is immediately verified.   
 

Example 3.5.1: Let be the matrices: 

 A= 








50

34
    and   B= 









20

02
.  

Then:  

 A
2
= 









250

2716
,   B

2
= 









40

04
  and  AB= 









100

68
=BA. 

Now, according to the equalities (3.3), we have: 

 X= 








210

2712
,   Y= 









200

1216
,   Z= 









290

2720
, 

X
2
= 









4410

891144
,  Y

2
= 









4000

432256
,  Z

2
= 









8410

1323400
, 

And the equality (A) is immediately verified.   
 

Example 3.5.2: Let be the matrices: 
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 A= 








70

56
    and   B= 









30

03
.  

Then:  

 A
2
= 









490

6536
,   B

2
= 









90

09
  and   AB= 









210

1518
=BA. 

Now, according to the equalities (3.3), we have: 

 X 








400

6527
,   Y= 









420

3036
,   Z= 









580

6545
, 

X
2
= 









16000

4355729
,  Y

2
= 









17640

23401296
,  Z

2
= 









33640

66952025
, 

And the equality (A) is immediately verified.   
 

Case 6: b=c=0, y0, z0. In this case, from the second equation of the system (3.6), it follows that: 

 ay=dy,     i.e.    d=a. 

Then: 

A= 








a0

0a
    and   B= 









tz

yx
,                             (3.33) 

With a, x, y, z, tN and: 

 A
2
=















2

2

a0

0a
    and   B

2
=



















zyt)tx(z

)tx(yzyx
2

2

, (3.34) 

AB= 












taza

yaxa
=BA.                                                                                                     (3.35) 

Now, according to the equalities (3.3), we have: 

 X=


















zyta)tx(z

)tx(yzyxa
22

22

,    Y= 












ta2za2

ya2xa2
, 

 Z=


















zyta)tx(z

)tx(yzyxa
22

22

,                                                                                     (3.36) 

X
2
=


















2222222

2222222

)tx(zy)zyta()zy2txa2()tx(z

)zy2txa2()tx(y)tx(zy)zyxa(
, 

 Y
2
=



















)zyt(a4)tx(za4

)tx(ya4)zyx(a4
222

222

, 

 Z
2
=


















2222222

2222222

)tx(zy)zyta()zy2txa2()tx(z

)zy2txa2()tx(y)tx(zy)zyxa(
,                (3.37) 

And the equality (A) is immediately verified.   
 

Example 3.6.1: Let be the matrices: 

 A= 








40

04
    and   B= 









25

31
.  

Then:  

 A
2
= 









160

016
,   B

2
= 









415

91
  and  AB= 









820

124
=BA. 

Now, according to the equalities (3.3), we have: 

 X= 












1215

915
,   Y= 









1640

248
,   Z= 









2015

917
, 
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X
2
= 













144405

243225
,  Y

2
= 









256960

57664
,  Z

2
= 









400555

333289
, 

And the equality (A) is immediately verified.   
 

Example 3.6.2: Let be the matrices: 

 A= 








50

05
    and   B= 









45

73
.  

Then:  

 A
2
= 









250

025
,  B

2
= 









1635

499
  and  AB= 









2025

3515
=BA. 

Now, according to the equalities (3.3), we have: 

 X= 






 

935

4916
,   Y= 









4050

7030
,   Z= 









4135

4934
, 

X
2
= 







 

81875

1225256
,  Y

2
= 









16003500

4900900
,  Z

2
= 









16812625

36751156
, 

And the equality (A) is immediately verified.  
 

Case 7: b=y=0, c0, z0. In this case, from the third equation of the system (3.6), it follows that: 

 cx+dz=az+ct,     i.e.   z(a-d)=c(x-t). 

We distinguish two subcases: 

) If a=d, then (also) x=t. It follows that: 

A= 








ac

0a
    and   B= 









xz

0x
,                             (3.38) 

With a, c, x, zN and: 

 A
2
=















 2

2

aca2

0a
   and   B

2
=















 2

2

xzx2

0x
,       (3.39) 

AB= 












xaxcza

0xa
=BA.                                                                                              (3.40) 

Now, according to the equalities (3.3), we have: 

 X=

















22

22

xa)zxca(2

0xa
,     Y= 













xa2)xcza(2

0xa2
, 

 Z=

















22

22

xa)zxca(2

0xa
,                                                                                             (3.41) 

X
2
=


















22222

222

)xa()xa()zxca(4

0)xa(
,   Y

2
=


















22

22

xa4)xcza(xa8

0xa4
, 

 Z
2
=



















)xa()xa()zxca(4

0)xa(
2222

22

,                                                                           (3.42) 

And the equality (A) is immediately verified.   
 

Example 3.7.1: Let be the matrices: 

 A= 








45

04
    and   B= 









13

01
.  

Then:  

 A
2
= 









1640

016
,   B

2
= 









16

01
  and  AB= 









417

04
=BA. 

Now, according to the equalities (3.3), we have: 
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 X= 








1534

015
,   Y= 









834

08
,   Z= 









1746

017
, 

X
2
= 









2251020

0225
,  Y

2
= 









64544

064
,   Z

2
= 









2891564

0289
, 

And the equality (A) is immediately verified.   
 

Example 3.7.2: Let be the matrices: 

 A= 








52

05
    and   B= 









37

03
.  

Then:  

 A
2
= 









2520

025
,   B

2
= 









942

09
  and  AB= 









1541

015
=BA. 

Now, according to the equalities (3.3), we have: 

 X= 








 1622

016
,   Y= 









3082

030
,   Z= 









3462

034
, 

X
2
= 









 256704

0256
,  Y

2
= 









9004920

0900
,  Z

2
= 









11564216

01156
,  

And the equality (A) is immediately verified. 
 

) If ad, then (also) xt. It follows that: 

 z=
da

)tx(c




,    with    (a-d)  b(x-t)  

And 

A= 








dc

0a
    and   B=


















t

da

)tx(c
0x

,                 (3.43) 

With a, c, d, x, tN, 
da

tx




0 and: 

 A
2
=















 2

2

d)da(c

0a
   and   B

2
=



















 2
22

2

t
da

)tx(c
0x

,          (3.44) 

AB=




















td
da

)tdxa(c
0xa

=BA.                                                                                        (3.45) 

Now, according to the equalities (3.3), we have: 

 X=






















22
2222

22

td
da

)txda(c
0xa

,    Y=




















td2
da

)tdxa(c2
0xa2

, 

 Z=






















22
2222

22

td
da

)txda(c
0xa

,                                                                                   (3.46) 

X
2
=
























222
22222222

222

)td(
da

)txda()txda(c

0)xa(

, 

 Y
2
=























22
2222

22

td4
da

)tdxa(c4
0xa4

, 
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 Z
2
=
























222
22222222

222

)td(
da

)txda()txda(c

0)xa(

,                        (3.47) 

And the equality (A) is immediately verified.   
 

Example 3.7.3: Let be the matrices: 

 A= 








35

04
    and   B= 









15

02
.  

Then:  

 A
2
= 









935

016
,   B

2
= 









115

04
  and     AB= 









325

08
=BA. 

Now, according to the equalities (3.3), we have: 

 X= 








820

012
,   Y= 









650

016
,   Z= 









1050

020
, 

X
2
= 









64400

0144
,   Y

2
= 









361100

0256
,  Z

2
= 









1001100

0400
, 

And the equality (A) is immediately verified.   

Example 3.7.4: Let be the matrices: 

 A= 








32

05
    and   B= 









27

09
.  

Then:  

 A
2
= 









916

025
,   B

2
= 









477

081
  and  AB= 









639

045
=BA.  

Now, according to the equalities (3.3), we have: 

 X= 












561

056
,   Y= 









1278

090
,   Z= 









1393

0106
, 

X
2
= 









253111

03136
,  Y

2
= 









1447956

08100
,  Z

2
= 









16911067

011236
, 

And the equality (A) is immediately verified.   
 

Case 8: c=z=0, b0, y0. In this case, from the second equation of the system (4), it follows that: 

 ay+bt=bx+dy,    i.e.   y(a-d)=b(x-t). 

We also distinguish two subcases here: 

) If a=d, then (also) x=t. It follows that: 

A= 








a0

ba
    and   B= 









x0

yx
,                             (3.48) 

with a, b, x, yN and: 

 A
2
=













 
2

2

a0

ba2a
   and   B

2
=













 
2

2

x0

yx2x
,          (3.49) 

AB= 












xa0

xbyaxa
=BA.                                                                                              (3.50) 

Now, according to the equalities (3.3), we have: 

 X=

















22

22

xa0

)yxba(2xa
,     Y= 













xa20

)xbya(2xa2
, 

 Z=

















22

22

xa0

)yxba(2xa
,                                                                                            (3.51) 
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X
2
=


















222

22222

)xa(0

)xa()yxba(4)xa(
,   Y

2
=


















22

22

xa40

)xbya(xa8xa4
, 

 Z
2
=



















)xa(0

)xa()yxba(4)xa(
22

2222

,                                                                          (3.52) 

and the equality (A) is immediately verified.   
 

Example 3.8.1: Let be the matrices: 

 A= 








40

54
    and   B= 









10

31
.  

Then:  

 A
2
= 









160

4016
,  B

2
= 









10

61
  and  AB= 









40

174
=BA. 

Now, according to the equalities (3.3), we have: 

 X= 








150

3415
,   Y= 









80

348
,   Z= 









170

4617
, 

X
2
= 









2250

1020225
,  Y

2
= 









640

54464
,   Z

2
= 









2890

1564289
, 

And the equality (A) is immediately verified. 
 

Example 3.8.2: Let be the matrices: 

 A= 








50

25
    and   B= 









30

73
.  

Then:  

 A
2
= 









250

2025
,   B

2
= 









90

429
  and  AB= 









150

4115
=BA. 

Now, according to the equalities (3.3), we have: 

 X= 






 

160

2216
,   Y= 









300

8230
,   Z= 









3462

6234
, 

X
2
= 







 

2560

704256
,  Y

2
= 









9000

4920900
,  Z

2
= 









11560

42161156
, 

And the equality (A) is immediately verified. 
 

) If ad, then (also) xt. It follows that: 

 y=
da

)tx(b




,    with    (a-d)  b(x-t)  

And 

A= 








d0

ba
    and   B=



















t0
da

)tx(b
x

,                (3.53) 

With a, b, d, x, tN, 
da

tx




0 and: 

 A
2
=













 
2

2

d0

)da(ba
   and   B

2
=





















2

22
2

t0
da

)tx(b
x

,         (3.54) 

AB=




















td0
da

)tdxa(b
xa

=BA.                                                                                    (3.55) 
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Now, according to the equalities (3.3), we have: 

 X=






















22

2222
22

td0
da

)txda(b
xa

,    Y=




















td20
da

)tdxa(b2
xa2

, 

 Z=






















22

2222
22

td0
da

)txda(b
xa

,                                                                                  (3.56) 

X
2
=























222

22222222
222

)td(0
da

)txda()txda(b
)xa(

, 

 Y
2
=























22

2222
22

td40
da

)tdxa(b4
xa4

, 

 Z
2
=























222

22222222
222

)td(0
da

)txda()txda(b
)xa(

,                                               (3.57) 

And the equality (A) is immediately verified.   
 

Example 3.8.3: Let be the matrices: 

 A= 








30

54
    and   B= 









10

52
.  

Then:  

 A
2
= 









90

3516
,   B

2
= 









10

154
  and  AB= 









30

258
=BA. 

Now, according to the equalities (3.3), we have: 

 X= 








80

2012
,   Y= 









60

5016
,   Z= 









100

5020
, 

X
2
= 









640

400144
,  Y

2
= 









360

1100256
,  Z

2
= 









1000

1500400
, 

And the equality (A) is immediately verified.   
 

Example 3.8.4: Let be the matrices: 

 A= 








30

25
    and   B= 









20

79
.  

Then:  

 A
2
= 









90

1625
,   B

2
= 









40

7781
  and  AB= 









60

3945
=BA. 

Now, according to the equalities (3.3), we have: 

 X= 






 

50

6156
,  Y= 









120

7890
,   Z= 









130

93106
,    

X
2
= 









250

31113136
,  Y

2
= 









1440

79568100
,  Z

2
= 









1690

1106711236
,   

And the equality (A) is immediately verified.   
 

Case 9: y=z=0, b0, c0. In this case, from the second and third equations of the system (3.6), it follows that: 

 (bx=bt)(cx=ct),    i.e.   x=t. 

Then: 
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A= 








dc

ba
    and   B= 









x0

0x
,                            (3.58) 

With a, b, c, d, xN and: 

 A
2
=



















cbd)da(c

)da(bcba
2

2

  and   B
2
=















2

2

x0

0x
,           (3.59) 

AB= 












xdxc

0xa
=BA.                                                                                                     (3.60) 

Now, according to the equalities (3.3), we have: 

 X=

















22

22

xcbd)da(c

)da(bxcba
,    Y= 













xd2xc2

xb2xa2
, 

 Z=

















22

22

xcbd)da(c

)da(bxcba
,                                                                                     (3.61) 

X
2
=


















2222222

2222222

)da(cb)xcbd()x2cb2da()da(c

)x2cb2da()da(b)da(cb)xcba(
, 

 Y
2
=


















2222

2222

xcb4xd4)da(xc4

)da(xb4xcb4xa4
, 

 Z
2
=


















2222222

2222222

)da(cb)xcbd()x2cb2da()da(c

)x2cb2da()da(b)da(cb)xcba(
,               (3.62) 

And the equality (A) is immediately verified.   
 

Example 3.9.1: Let be the matrices: 

 A= 








53

14
    and   B= 









20

02
.  

Then:  

 A
2
= 









2527

916
,   B

2
= 









40

04
  and  AB= 









106

28
=BA. 

Now, according to the equalities (3.3), we have: 

 X= 








2127

912
,   Y= 









2012

416
,   Z= 









2927

920
,   

X
2
= 









441891

297144
,  Y

2
= 









400432

144256
,  Z

2
= 









8411323

441400
, 

And the equality (A) is immediately verified. 
 

Example 3.9.2: Let be the matrices: 

 A= 








75

16
    and   B= 









30

03
.  

Then:  

 A
2
= 









4965

1336
,   B

2
= 









90

09
  and  AB= 









2115

318
=BA. 

Now, according to the equalities (3.3), we have: 

 X= 








4065

1327
,   Y= 









4230

636
,   Z= 









5865

1345
, 

X
2
= 









16004355

871729
,  Y

2
= 









17642340

4681296
,  Z

2
= 









33646695

13392025
, 
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And the equality (A) is immediately verified.   
 

Case 10: y0, z0, b0 and c0. In this case, of the first (or last) three equations of the system (3.6), it follows that: 

 z=
b

yc 
, with b  (cy)   and   









)tx(c)da(z

)tx(b)da(y
. 

We distinguish two subcases: 

) If a=d, then (also) x=t. It follows that: 

A= 








ac

ba
    and   B=
















x
b

yc

yx

,                        (3.63) 

With a, b, c, x, yN and: 

 A
2
=



















cbaca2

ba2cba
2

2

  and   B
2
=





























b

yc
x

b

cyx2

yx2
b

yc
x

2
2

2
2

,    (3.64) 

AB=





















ycxa
b

yca
xc

xbyaycxa

=BA.                                                                             (3.65) 

Now, according to the equalities (3.3), we have: 

 X=






























b

yc
xcba

b

cyx2
ca2

yx2ba2
b

yc
xcba

2
22

2
22

,   

Y=





















yc2xa2
b

yca2
xc2

xb2ya2yc2xa2

, 

 Z=






























b

yc
xcba

b

cyx2
ca2

yx2ba2
b

yc
xcba

2
22

2
22

,                                                              (3.66) 

X
2
= 












,   Y

2
= 












,   Z

2
= 












,                            (2.67) 

Where: 

 =

2
2

22

b

yc
xcba













 
 +4c(ab-xy) 







 


b

yx
a , 

=4(ab-xy)












 


b

yc
xcba

2
22

,     

=4c 






 


b

yx
a 













 


b

yc
xcba

2
22

, 

=4(ax+cy)
2
+4c(ay+bx) 







 


b

ya
x ,    =8(ay+bx)(ax+cy), 

=8c(ax+cy) 






 


b

ya
x ,    

=

2
2

22

b

yc
xcba













 
 +4c(ab+xy) 







 


b

yx
a , 
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=4(ab+xy)












 


b

yc
xcba

2
22 ,     

=4c 






 


b

yx
a 













 


b

yc
xcba

2
22

, 

And the equality (A) is immediately verified. 
 

Example 3.10.1: Let be the matrices: 

 A= 








43

14
    and   B= 









215

52
.  

Then:  

 A
2
= 









1924

819
,   B

2
= 









7960

2079
  and  AB= 









2366

2223
=BA. 

Now, according to the equalities (3.3), we have: 

 X= 












6036

1260
,  Y= 









46132

4446
,   Z= 









9884

2898
, 

X
2
= 









40324320

14404032
,  Y

2
= 









792412144

40487924
,  Z

2
= 









1195616464

548811956
, 

And the equality (A) is immediately verified. 
 

Example 3.10.2: Let be the matrices: 

 A= 








45

34
    and   B= 









710

67
.  

Then:  

 A
2
= 









3140

2431
,  B

2
= 









109140

84109
  and  AB= 









5875

4558
=BA. 

Now, according to the equalities (3.3), we have: 

 X= 












78100

6078
,  Y= 









116150

90116
,   Z= 









140180

108140
, 

X
2
= 









1208415600

936012084
,  Y

2
= 









2695634800

2088026956
,  Z

2
= 









3904050400

3024039040
, 

And the equality (A) is immediately verified. 
 

) If ad, then (also) xt. It follows that: 

 b(x-t)=y(a-d),   that is  y=
da

)tx(b




,   with (a-d)  b(x-t). 

Hence:  

A= 








dc

ba
    and   B=


























t
da

)tx(c
da

)tx(b
x

,    (3.68) 

With a, b, c, x, tN,
da

tx




0 and: 

 A
2
=



















cbd)da(c

)da(bcba
2

2

   and            



Journal of Education & Social Policy                    Vol. 6, No. 1, March 2019                   doi:10.30845/jesp.v6n1p9 

 

78 

B
2
=







































2

2
2

2

22

2

22

2

2
2

)da(

)tx(cb
t

)da(

)tx(c

)da(

)tx(b

)da(

)tx(cb
x

,(3.69) 

AB=




































da

)tx(cb
td

da

)tdxa(c
da

)tdxa(b

da

)tx(cb
xa

=BA.                                                           (3.70) 

Now, according to the equalities (3.3), we have: 

 X=









































2

22
22

22

22

2

22
22

)da(

)tx(cb
tcbd

da

)tx(c
)da(c

da

)tx(b
)da(b

)da(

)tx(cb
xcba

, 

 Y=




































da

)tx(cb2
td2

da

)tdxa(c2
da

)tdxa(b2

da

)tx(cb2
xa2

, 

 Z=









































2

22
22

22

22

2

22
22

)da(

)tx(cb
tcbd

da

)tx(c
)da(c

da

)tx(b
)da(b

)da(

)tx(cb
xcba

,                                   (3.71) 

X
2
= 












,   Y

2
= 












,   Z

2
= 












,                            (3.72) 

Where: 

 =

2

2

2
22

)da(

)tx(cb
xcba


















 +bc

2
22

da

tx
da


















 , 

=b



















2

22
2222

)da(

)tx(cb2
txcb2da




















da

tx
da

22

, 

=c



















2

22
2222

)da(

)tx(cb2
txcb2da




















da

tx
da

22

, 

=

2

2

2
22

)da(

)tx(cb
tcbd


















 +bc

2
22

da

tx
da


















 , 

=4

2

da

)tx(cb
xa 












 +4

2

2

)da(

)tdxa(cb




, 

=4b 













da

)tx(cb2
tdxa 

da

)tdxa(




, 

=4c 













da

)tx(cb2
tdxa 

da

)tdxa(




, 

=4

2

da

)tx(cb
td 












 +4

2

2

)da(

)tdxa(cb




, 

=

2

2

2
22

)da(

)tx(cb
xcba


















 +bc

2
22

da

tx
da


















 , 
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= b



















2

22
2222

)da(

)tx(cb2
txcb2da




















da

tx
da

22

, 

= c



















2

22
2222

)da(

)tx(cb2
txcb2da




















da

tx
da

22

, 

=

2

2

2
22

)da(

)tx(cb
tcbd


















 +bc

2
22

da

tx
da


















 . 

And the equality (A) is immediately verified.   
 

Example 3.10.3: Let be the matrices: 

 A= 








32

54
    and   B= 









34

105
.  

Then:  

 A
2
= 









1914

3526
,  B

2
= 









4932

8065
  and  AB= 









2922

5540
=BA. 

Now, according to the equalities (3.3), we have: 

 X= 












3018

4539
,   Y= 









5844

11080
,   Z= 









6846

11591
, 

X
2
= 









17101242

31052331
,  Y

2
= 









82046072

1518011240
,  Z

2
= 









99147314

1828513571
, 

And the equality (A) is immediately verified.   
 

Example 3.10.4: Let be the matrices: 

 A= 








27

35
    and   B= 









314

69
.  

Then:  

 A
2
= 









2549

2146
,  B

2
= 









93168

72165
  and  AB= 









4891

3987
=BA. 

Now, according to the equalities (3.3), we have: 

 X= 












68119

51119
,  Y= 









96182

78174
,   Z= 









118217

93211
, 

X
2
= 









1069322253

953720230
,  Y

2
= 









2341249140

2106044472
,  Z

2
= 









3410571393

3059764702
, 

And the equality (A) is immediately verified. 
 

Now we can say that we have completely solved the system (3.6) and, implicitly, we determined all matrix pairs 

(A,B)M2(N)M2(N), which satisfy the equalities (3.2) and (3.1) and which, according to the equalities (3.3), lead to 

solutions (X,Y,Z)M2(Z)M2(Z)M2(Z) of the equation (A).  
  

4. Conclusions 
 

There it is, therefore, that any equation of form (A) can be translated into the ring (M2(Z),+,) - becoming the equation 

(A), which has as solutions matrices of the form (3.3), and matrices A and B first verify the equalities (3.2) and (3.1). 

According to those presented in the previous paragraph, moreover these matrices A and B need to verify exactly one of 

the equalities (3.8), (3.13), (3.18), (3.23), (3.28), (3.33), (3.38), (3.43), (3.48), (3.53), (3.58), (3.63), (3.68).  
 

As mentioned above, pairs of matrices (A,B) which satisfy one of these 13 equalities are the only ones which satisfy 

and the equalities (3.2) and (3.1). But, naturally, the question arises: 
 

„Apart from the solutions given by equality (3.3), there are others matrix triplets (X,Y,Z)M2(Z)M2(Z)M2(Z), of 

another form, which are solutions of the equation (A)?”           () 



Journal of Education & Social Policy                    Vol. 6, No. 1, March 2019                   doi:10.30845/jesp.v6n1p9 

 

80 

Let's try to answer this question. We consider the matrices X, Y, ZM2(Z), where: 

 X= 








dc

ba
,  Y= 









qp

nm
  and  Z= 












,                   (4.1) 

with a, b, c, d, m, n, p, q, , , , N. 

The equality (A) implies the system: 

 





















222

222

pnqcbd

qpmpdcca

qnmndbba

pnmcba

.                    (4.2) 

From the first and last equation of the system (4.2) it follows that: 

 a
2
+m

2
+

2
=d

2
+q

2
+

2
.                                                                                                            (4.3) 

Considering the equalities: 

 a
2
+m

2
=

2
    and    d

2
+q

2
=

2
,  (4.3) 

we obtain the following solution of the equation (4.3): 

 (a,d,m,q,,)=(3,6,4,8,5,10).                                                                                                (4.4) 

From the second and third equations of the system (4.2) follows equalities: 

 








)()qm(p)da(c

)()qm(n)da(b
 ,                (4.5) 

which, under the conditions of equality (4.4), become: 

 








5p4c3

5n4b3
.                                (4.5) 

A solution of the system (4.5') is: 

 (b,c,n,p,,)=(5,3,5,4,7,5).                                                                                                    (4.6) 

From equalities (4.4) and (4.6), the equalities (4.1) become: 

 X= 








63

53
,  Y= 









84

54
  and  Z= 









105

75
.   (4.1) 

Then: 

 X
2
= 









5127

4524
,  Y

2
= 









8448

6036
  and  Z

2
= 









13575

10560
.             (4.7) 

 

We remark that matrices from equalities (4.7) satisfy equality (A). Now we assume that there are two matrices A, 

BM2(N), which satisfy the equalities (3.2), respectively (3.3). Then: 

 A
2
= 









84

64
,                                                                                                                           (4.8) 

Where from obtain the system: 

 





















8cbd

4)da(c

6)da(b

4cba

2

2

 .                                                                                                                     (4.9) 

From the first and last equation of the system (4.9) it follows that: 

 a=0      and     d=2,                             (4.10) 

and then, from the second and third equations, it follows that:   

 b=3      and     c=2.                             (4.11) 
 

It is noted that this solution does not satisfy neither the first nor the last equation of the system (4.9). Therefore, there 

are not two matrices A, BM2(N), which satisfy the equalities (3.2), respectively (3.3); or, in other words, the solution 

(X,Y,Z)M2(Z)M2(Z)M2(Z), from (4.1') is not the form (3.3). In conclusion, the answer to question () is YES. 
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We can say that if to equation (A) we determined, in Paragraph 2, all the solutions to equation (A) we have not 

determined them all.  

On the other hand, it can be seen that we can consider the matrices A and B in the ring (Mn(Z),+,), with nN

, any 

number, at least equal to 2. We have considered the ring (M2(Z),+,) only because the equality (3.1) leads to a more 

resolvable system in the set of natural numbers. Of course, for any natural number n, at least equal to 2, the system 

(3.6) has exactly n
2
 equations and all unknown, and if n≥3, then solving it, even in the set N of natural numbers, is quite 

difficult. 
 

Without insisting on the calculations, present further an example solution of the equation (A) from the set M3(Z). 

Example 4.1: Let be the matrices: 
 

 A=




















7810

256

421

   and   B=




















345

123

211

.  

Then:  

 A
2
=



















10511612

0294

284029

, B
2
=





















23252

152

598

          and AB=


















49541

1121

121915

=BA. 

Now, according to the equalities (3.3), we have: 

 X=


















829114

1246

233121

,  Y=


















981082

2242

243830

,  Z=


















12814110

1342

334937

, 

X
2
=



















713710080896

32481256

24003488577

, Y
2
=



















943613252472

196436104

299646441024

, Z
2
=



















16573233321368

228917152

539681321601

, 

And the equality (A) is immediately verified. 
 

However, we can say that every solution of those determined in Paragraph 2 induces a solution 

(X
(n)

,Y
(n)

,Z
(n)

)Mn(Z)Mn(Z)Mn(Z). Indeed, if A, BM2(N) satisfy the equalities (2.2) and (2.3), then: 

 A
(n)

= 

















2n,2n2,2n

2n,2

OO

OA
  and   B

(n)
= 


















2n,2n2,2n

2n,2

OO

OB
     (4.12) 

Are two matrices of Mn(N), which satisfy the equalities (3.3). Now, it is easily verified that matrices: 

 X
(n)

=(A
(n)

)
2
-(B

(n)
)

2
,  Y

(n)
=2A

(n)
B

(n)
 and  Z

(n)
=(A

(n)
)
2
+(B

(n)
)
2
,      (3.3) 

FromMn(Z) are solutions of equation (A).   
 

Example 4.2: Let us consider matrices: 

 A= 








27

35
    and   B= 









314

69
, 

of Example 3.10.4. Then, for: 

 n=5, 

According to the equalities (4.12), these matrices induce matrices: 

 A
(5)

= 













3,32,3

3,2

OO

OA
=























00000

00000

00000

00027

00035

 and   B
(5)

= 













3,32,3

3,2

OO

OB
=























00000

00000

00000

000314

00069

. 

 Then:  
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 (A
(5)

)
2
=























00000

00000

00000

0002549

0002146

,     (B
(5)

)
2
=























00000

00000

00000

00093168

00072165

 

 and        A
(5)
B

(5)
= 























00000

00000

00000

0004891

0003987

=B
(5)
A

(5)
. 

Now, according to equalities (3.3) we have: 

 X
(5)

= 



























00000

00000

00000

00068119

00051119

,   Y
(5)

= 























00000

00000

00000

00096182

00078174

,    Z
(5)

= 























00000

00000

00000

000118217

0009311

, 

(X
(5)

)
2
=























00000

00000

00000

0001069322253

000953720230

,    (Y
(n)

)
2
=























00000

00000

00000

0002341249140

0002106044472

,  

(Z
(n)

)
2
=























00000

00000

00000

0003410571393

0003059764702

, 

and the equality (A) is immediately verified. 
 

Of course we can reformulate Corollary 2.9 and matrix solutions as well: 

Corollary 4.3: If X, Y, ZMn(Z), is a solution of the equation (A) and: 

XY=YX,  YZ=ZY   and   XZ=ZX,  (4.13) 

then: 

T=X+2Y-2Z,  U=2X+Y-2Z,  and  Z=2X+2Y-3Z,         () 

is also the solution of the same equations.  
 

Definition 4.4:Any three matrices X, Y, ZMn(Z), which represent a solution of the equation (A) will be called 
Pythagorean (or pitagoric) matrices. 
 

As a general conclusion, we can say that any equation of form (A) can "sink" into a ring of matrices of the type 

(Mn(Z),+,), with nN

, an arbitrary number, at least equal to 2; only that, if equation (A) can be solved completely in 

the ring of integers (Z,+,), that is, all its solutions can be determined, the same can not be said about the "submerged" 

equation (A), that is, in this matrix ring the determination of all solutions is usually quite difficult and then only 

certain solutions are determined, such as those in Paragraph 2. 
 

Of course this paper is one of Didactics of Mathematics and addresses both students, students or teachers who are 
interested and interested in these issues, to whom we believe we have formed, in this way, a good image of solving 

these two types of equations. 

The notations we used were those indatabasehttp://mathworld.wolfram.com/topics/Algebra.html. 
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